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$\mathrm{D}$ , [5], [6]
, , [5] .
Let $K[\mathrm{t}, \mathrm{t}^{-1}, S]=K[t_{1,1}t^{-1}, \ldots, t_{n}, t_{n}^{-1}, s]$ denote the Laurent polynomial ring
over a field $K$ . Let $\mathrm{t}^{\mathrm{a}}s=t^{a_{1}}t^{a_{2}}\cdots t^{\alpha_{n}}12ns\in K[\mathrm{t}, \mathrm{t}^{-1}, S]$ if $\mathrm{a}=(a_{1}, a_{2}, \ldots, a_{n})\in \mathbb{Z}^{n}$ .
We associate given a finite set $\{\mathrm{a}_{1}, \mathrm{a}_{2}, \ldots, \mathrm{a}_{N}\}\subset \mathbb{Z}^{n}$ with the affine semigroup
ring $R(\subset K[\mathrm{t}, \mathrm{t}^{-1}, S])$ generated by the monomials $\mathrm{t}^{\mathrm{a}_{1}}s,$ $\mathrm{t}^{\mathrm{a}_{2}}s,$ $\ldots,$ $\mathrm{t}^{\mathrm{a}_{N}}s$ . Let $A=$
$K[x_{1}, x_{2}, \ldots, x_{N}]$ denote the polynomial ring over $K$ and write $I(\subset A)$ for the
kernel of the surjective homomorphism $\pi$ : $Aarrow R$ defined by setting $\pi(x_{i})=\mathrm{t}^{\mathrm{a}_{i}}s$
for all $i$ . The ideal $I$ , called the toric ideal of $R$, is generated by binomials. We
are interested in the questions when the toric ideal of an affine semigroup ring
is generated by quadratic binomials as well as when the toric ideal of an affine
semigroup ring possesses a quadratic initial ideal. Consult, e.g., [3] and [4].
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Let $\Phi\subset \mathbb{Z}^{n}$ be one of the root systems $\mathrm{B}_{n},$ $\mathrm{C}_{n},$ $\mathrm{D}_{n}$ and $\mathrm{B}\mathrm{C}_{n}$ ( $[2$ , pp. 64–65])
and write $R_{\Phi}$ for the affine semigroup ring associated with the finite set consisting
of all positive roots of $\Phi$ together with the origin of $\mathbb{R}^{n}$ . The purpose of the present
paper is to show the existence of a squarefree quadratic initial ideal of the toric
ideal $I_{\Phi}$ of $R_{\Phi}$ . In particular, the convex polytope which is the convex hull of the
positive roots of $\Phi$ together with the origin of $\mathbb{R}^{n}$ possesses a regular unimodular
triangulation and, in addition, the affine semigroup ring $R_{\Phi}$ is Koszul. We refer the
reader to [1] for related results on the root system $\mathrm{A}_{n-1}$ .
To begin with, we discuss the toric ideal of the root system $\mathrm{B}\mathrm{C}_{n}$ . The affine
semigroup ring associated with (the finite set consisting of the origin of $\mathbb{R}^{n}$ together
with the positive roots of) the root system $\mathrm{B}\mathrm{C}_{n}$ is the subalgebra $R_{\mathrm{B}\mathrm{C}_{n}}$ of $K[\mathrm{t}, \mathrm{t}^{-1}, S]$
generated by the monomial $s$ together with the monomials titjs with $1\leq i\leq j\leq n$ ,
$t_{i}.t_{j}^{-1}s$ with $1\leq i<j\leq n$ , and $t_{i^{S}}$ with $1\leq i\leq n$ . Let $A_{\mathrm{B}\mathrm{C}_{n}}$ denote the polynomial
rings
$A_{\mathrm{B}\mathrm{C}_{n}}=K[\{x\}\cup\{y_{i}\}1\leq i\leq n\cup\{e_{i},j\}_{1\leq i}\leq j\leq n\cup\{fi,j\}1\leq i<j\leq n]$
over $K$ and write $\pi$ : $A_{\mathrm{B}\mathrm{C}_{n}}arrow R_{\mathrm{B}\mathrm{C}_{n}}$ for the surjective homomorphism defined by
setting $\pi(x)=s,$ $\pi(y_{i})=t_{i^{S}},$ $\pi(e_{i,j})=t_{i}t_{j}s$ and $\pi(f_{i,j})=t_{i}t_{j}^{-1}s$ . Let $I_{\mathrm{B}\mathrm{C}_{n}}$ denote
the kernel of $\pi$ and call $I_{\mathrm{B}\mathrm{C}_{n}}$ the toric ideal of $R_{\mathrm{B}\mathrm{C}_{n}}$ .
We fix the reverse lexicographic monomial order $<_{\mathrm{r}ev}$ on the polynomial ring $A_{\mathrm{B}\mathrm{C}_{n}}$
induced by the ordering of the variables
$y_{1}$ $<y_{2}<\cdots<y_{n}<x<f_{1,n}<f1,n-1<\cdots<f_{1_{2}<},f_{2},n<\cdots<fn-1,n$
$<e_{1,n}<e1,n-1<\cdots<e_{1,2}<e_{1},1<e_{2},n<\cdots<e_{n-1,n}<e_{n-1,n-1}<e_{n,n}$ .
To simplify the notation below, we understand $e_{j,i}=e_{i,j}$ if $i<j$ . First of all, the
quadratic binomials
(1) $e_{i,j}e_{k,f}-ei,\ell ej,k$ , $i\leq j<k\leq\ell$;
(2) $e_{i,k}e_{j,f}-e_{i,f}e_{j},k$ , $i<j\leq k<\ell$ ;
(3) $f_{i,k}fj,\ell-fi,\ell fj,k$ , $i<j<k<\ell$ ;
(4) $f_{i,j}f_{j,k}-xfi,k$ , $i<j<k$ ;
(5) $f_{j,k}e_{i,f}-f_{i,kj}e,p$ , $i<j<k$ ;
(6) $fi,jej,k-yiy_{k}$ , $i<j$ ;
(7) $y_{j}e_{i,k}-y_{i}e_{j},k$ , $i<j$ ;
(8) $y_{j}f_{i,k}-y_{i}f_{j,k}$ , $i<j<k$ ;
(9) $y_{j}f_{i,j}-y_{i}x$ , $i<j$ ;
(10) $xe_{i,j}-yiy_{j}$ , $i\leq j$ ,
belong to $I_{\mathrm{B}\mathrm{C}_{n}}$ and their initial monomials
(1’) $e_{i,j}e_{k,\ell}$ , $i\leq j<k\leq\ell$ ;
(2’) $e_{i,k}e_{j,l}$ , $i<j\leq k<\ell$ ;
(3’) $f_{i,k}f_{j},p$ , $i<j<k<\ell$ ;
(4’) $f_{i,j}f_{j,k}$ , $i<j<k$ ;
(5’) $f_{j,k}e_{i},\ell$ , $i<j<k$ ;
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(6’) $f_{i,j}e_{j,k}$ , $i<j$ ;
(7’) $y_{j}e_{i,k}$ , $i<j$ ;
(8’) $y_{j}f_{i,k}$ , $i<j<k$ ;
(9’) $y_{j}f_{i,j}$ , $i<j$ ;
(10’) $xe_{i,j}$ , $i\leq j$ ,
belong to $in_{<_{rev}}(I_{\mathrm{B}}\mathrm{c}_{n})$ .
Theorem 1. The initial ideal $in_{<_{r\mathrm{e}v}}(I\mathrm{B}\mathrm{c}_{n})$ of the toric ideal $I_{\mathrm{B}\mathrm{C}_{n}}$ with respect to the
reverse lexicographic $monom_{\vee}ial$ order $<_{rev}$ is generated by the quadratic monomials
$(1’)-(10’)$ listed above.
Proof. Let $\mathcal{G}$ denote the set of standard monomials of $R_{\mathrm{B}\mathrm{C}_{n}}$ with respect to the ideal
generated by the quadratic monomials $(1’)-(10’)$ listed above. Thus a monomial
$u=s^{\alpha}(t_{k_{1}^{S}})\cdots(t_{k_{f}^{S}})(t_{a}tb^{S}1)1\ldots(t_{a_{\mathrm{p}}}t_{b}\mathrm{p}s)(ti1tj-11s)\cdots(t_{i_{q}}t_{j_{q}}^{-1}s)$ ,
of $R_{\mathrm{B}\mathrm{C}_{n}}$ , where
$y_{k_{1}}\leq_{\mathrm{r}ev}\cdots\leq_{rev}y_{k}r\leq_{\mathrm{r}ev}f_{ij_{1}}1,\leq_{\Gamma ev}\cdots\leq_{\gamma e}vf_{i_{q}},j_{q}\leq_{rev}e_{a_{1},b}1\leq_{rev}\cdots\leq_{rev}e_{a,b_{\mathrm{p}}}\mathrm{p}$
’
belongs to $\mathcal{G}$ if and only if the following conditions are satisfied:
(BC-1) $a_{1}\leq a_{2}\leq\cdots\leq a_{p}\leq b_{p}\leq\cdots\leq b_{2}\leq b_{1}$ ;
(BC-2) If $\xi<\eta$ then either $i_{\xi}\leq i_{\eta}<j_{\eta}\leq j_{\xi}$ or $i_{\xi}<j_{\xi}<i_{\eta}<j_{\eta}$ ;
(BC-3) $i_{q}\leq a_{1}$ ;
(BC-4) $k_{1}\leq\cdots\leq k_{r}\leq a1$ ;
(BC-5) $i_{\eta}<k_{\xi}\leq j_{\eta}$ for no $\xi$ and no $\eta$ ;
(BC-6) $\{k_{1}, \ldots, k_{r}, a_{1}, \ldots, a_{p}, b_{1}, , . . , b_{p}\}\cap\{j_{1}, \ldots,j_{q}\}=\emptyset$ ;
(BC-7) If $\alpha\neq 0$ , then $p=0$ .
To obtain the required result, what we must prove is that if the monomial $u$ above
and
$u’=s^{\alpha’}(tk_{1}’S)\cdots(t_{k_{r}’},S)(tta^{l}b_{1}1\prime S)\cdots(t_{a_{p}’},t_{b_{\mathrm{p}}}l,s)(t_{i_{1}}\prime t-,1s)j_{1}\ldots(t_{i_{q}}’,t_{j_{q}}^{-},,s)1$





$a_{1}.=.a_{1}’,’\ldots$ , $.a_{p}=.,a_{p}’.’ b_{1}=.,b_{1}’,$ $\ldots.’ b_{p}=.,b_{p}’$ ,
$\iota_{1}=l_{1},$ $\ldots,$ $\iota_{q}=\iota_{q},\gamma 1=r_{1},$ $\ldots,\gamma_{q}=\gamma_{q}$ .
First, one has $q=q’,$ $\alpha+r+p=\alpha’+r’+p’$ and $r+2p=r’+2p’$ . Hence, if
$cx=\alpha’=0$ , then $p=p’$ and $r=r’$ . If $\alpha\geq\alpha’>0$ , then $p=p’=0$ by (BC-7); thus
$r=r’$ and $\alpha=\alpha’$ . If $\alpha=0$ and $c\ell’>0$ , then $r+p=\alpha’+r’$ and $r+2p=r’$ . Thus
$c\ell’+p=0$ , a contradiction.
Second, in case $\alpha=\alpha’=0$ and $q=q’>0$ , we prove $i_{q}=i_{q}’$ and $j_{q}=j_{q}’$ . Let
$i_{q}’<\iota_{q}$ . Then $j_{q}’\leq j_{q}$ by (BC-2). Thus by (BC-5) there is no $k_{f}’$ with $i_{q}’<k_{\ell}’\leq j_{q}$
( $=j_{\eta}’$ for some $\eta$ ). Hence there is no $k_{\ell}’$ with $k_{\ell}’=i_{q}$ . Note, in particular, that $i_{q}’=i_{q}$
if $p=p’=0$ . Thus either $a_{\xi}’=i_{q}$ or $b_{\xi}’=i_{q}$ for some $\xi$ . Hence by (BC-2), (BC-3),
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(BC-4) and (BC-5) one has $k_{r}’\leq i_{\eta}’\leq i_{q}’\leq a_{1}’\leq i_{q}<j_{q}=j_{\eta}’$ . Since $i_{\mu}’\leq i_{q}’(<i_{q})$
for all $\mu$ , the total number of variables $t_{\delta}$ with $\delta\geq i_{q}$ appearing in $u’$ is at most $2p$ .
Since $i_{q}\leq a_{1}$ , the total number of variables $t_{\delta}$ with $\delta\geq.\dot{\iota}_{q}$ appearin.g in $u$ is at lea.st
$2p+1$ . This contradicts $u=u’$ in $R_{\mathrm{B}\mathrm{C}_{n}}$ . Hence $i_{q}’=\iota_{q}$ . Suppose $\iota_{q}=i_{q}’<j_{q}’<\gamma_{q}$ .
If $t_{\delta}^{-1}$ appears in $u$ , then either $\delta\geq j_{q}$ or $\delta<i_{q}$ . Thus $t_{j_{q}}^{-1}$, never appears in $u’$ , a
contradiction. Hence $j_{q}’=j_{q}$ . Thus one has $i_{q}=i_{q}’$ and $j_{q}=j_{q}’$ , as desired. It follows
by induction (on $q$ ) that $i_{1}=i_{1}’,$ $\ldots,$ $i_{q}=i_{q}’,i_{1}=j_{1}’,$ $\ldots,j_{q}=j_{q}’$ . If $\alpha=\alpha’=0$
and $q=q’=0$ , then (BC-1), (BC-4) together with $p=p’,$ $r=r’$ guarantee that
$k_{1}=k_{1}’,$
$\ldots,$
$k_{r}=k_{r}’$ and $a_{1}=a_{1}’,$ $\ldots,$ $a_{p}=a_{p}J,$ $b_{1}=b_{1}’,$ $\ldots,$ $b_{p}=b_{p}’$ .
Finally, when $\alpha=\alpha’>0$ , since $p=p’=0$ , in the discussion above we already
know $i_{q}’=i_{q}$ and, in addition, $j_{q}’=j_{q}$ . Moreover, if $\alpha=\alpha’>0,$ $p=p’=0$ and
$q=q’=0$ , then obviously $k_{1}=k_{1}’,$ $\ldots,$ $k_{r}=k_{r}’$ , as required. $\square$
We now turn to the study of the toric ideal of the root system $\mathrm{B}_{n}$ . With the same
notation as in the discussion of $in_{<_{rev}}(I\mathrm{B}\mathrm{c}_{n})$ , just note that none of $t_{1}^{2}s,$ $\ldots,$ $t_{n}^{2}s$
appears in $R_{\mathrm{B}_{n}}$ and that none of $e_{1,1},$ $\ldots,$ $e_{n,n}$ appears in $A_{\mathrm{B}_{n}}$ .
Theorem 2. The initial ideal $in_{<_{rev}}(I_{\mathrm{B}_{n}})$ of the toric ideal $I_{\mathrm{B}_{n}}$ with respect to the
reverse lexicographic monomial order $<_{rev}$ is generated by the quadratic monomials
listed below:
(1”) $e_{i,j}e_{k,f}$ , $i<j<k<\ell$ ;
(2”) $e_{i,k}e_{j^{f}},$ , $i<j<k<\ell$ ;
(3”) $f_{i,k}f_{j^{\ell}},$ , $i<j<k<\ell$ ;
(4”) $f_{i,j}f_{j,k}$ , $i<j<k$ ;
(5”) $f_{j,k}e_{i},l$ , $i<j<k,$ $i\neq\ell,$ $j\neq\ell$ ;
(6”) $f_{i,j}e_{j,k}$ , $i<j,$ $j\neq k$ ;
(7”) $y_{j}e_{i,k}$ , $i<j,$ $i\neq k,$ $j\neq k$ ;
(8”) $yjfi,k$ , $\dot{\iota}<j<k$ ;
(9”) $y_{j}f_{i,j}$ , $i<j$ ;
(10”) $xe_{i,j}$ , $i<j$ .
Proof. Since our work is to modify the proof of Theorem 1, only a brief sketch will
be given below. With the same notation as in the proof of Theorem 1, a monomial
$u$ belongs to $\mathcal{G}$ if and only if the following conditions are satisfied:
(B-1) Either $a_{1}\leq a_{2}\leq\cdots\leq a_{p}<b_{p}\leq\cdots\leq b_{2}\leq b_{1}$ or
$a_{1}\leq a_{2}\leq\cdots\leq a_{p_{1}}<b_{p_{1}}=\cdots=b_{2}=b_{1}$
$=a_{p_{1}+1}=a_{p_{1}+2}=\cdots=a<bpp\leq b_{p-1}\leq\cdot\cdot..\leq b_{p_{1}+1}$ ;
(B-2) If $\xi<\eta$ then either $i_{\xi}\leq i_{\eta}<j_{\eta}\leq j_{\xi}$ or $i_{\xi}<j_{\xi}<i_{\eta}<j_{\eta}$ ;
(B-3) Either $i_{q}\leq a_{1}$ or
$i_{q_{1}}\leq a_{1}\leq a_{2}\leq\cdots\leq a_{p_{1}}<i_{q_{1}+1}=i_{q_{1}+2}=\cdots=i_{q}=b_{p_{1}}=\cdots=b_{2}=b_{1}$
$=a_{p_{1}+1}=a_{p_{1}+2}=\cdots=a<bpp\leq b_{p-1}\leq\cdots\leq b_{p_{1}+1}$ ;
(B-4) Either $k_{1}\leq\cdots\leq k_{r}\leq a_{1}$ or
$k_{1}\leq\cdot,$ . $\leq k_{r_{1}}\leq a_{1}\leq a_{2}\leq\cdots\leq a_{p_{1}}<k_{r_{1}+1}=k_{r_{1}+2}=\cdots=k_{r}$
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$=b_{p_{1}}=\cdot:\cdot=b_{2}=b1=ap_{1}+1=a_{p_{1}+2}=\cdots=a_{p}<b\leq pb_{p-1}\leq\cdots\leq b_{p_{1}+1}$ ;
(B-5) $i_{\eta}<k_{\xi}\leq j_{\eta}$ for $\mathrm{n}.0\xi$ and no $\eta$ ;
(B-6) $\{k_{1}, \ldots, k_{r}, a_{1}, \ldots, a_{p}, b_{1}, \ldots, b_{p}\}\cap\{j_{1}, \ldots,j_{q}\}=\emptyset$ ; .
(B-7) If $\alpha\neq 0$ , then $p=0$ .
Now, suppose that $u$ and $u’$ belong to $\mathcal{G}$ with $u=u’$ in $R_{\mathrm{B}_{n}}$ . Then one has $\alpha=$
$\alpha’,$ $r=r’,p=p’$ and $q=q’$ . In case $\alpha=\alpha’=0$ and $q=q’>0$ , we prove $i_{q}=i_{q}’$
and $j_{q}=j_{q}’$ . Let $i_{q}’<i_{q}$ . Then $i_{\eta}’\leq i_{q}’<i_{q}<j_{q}=j_{\eta}’$ . Hence there is no $k_{\mu}’$ with
$i_{q}\leq k_{\mu}’<j_{q}$ . Thus $a_{1}’\leq i_{q}$ . First, if $a_{1}<i_{q}$ , then by (B-3) for each $\xi$ either $a_{\xi}=i_{q}$
or $b_{\xi}=i_{q}$ . Thus the total number of the variable $t_{i_{q}}$ appearing in $u$ is at least $p+1$ ;
while the total number of variable $t_{i_{q}}$ appearing in $u’$ is at most $p$ since $k_{\mu}=i_{q}$ for no
$\mu$ . Second, let $i_{q}\leq a_{1}$ . If $k_{r}’<i_{q}$ , then the total number of variables $t_{\xi}$ with $\xi\geq i_{q}$
appearing in $u$ (resp. $u’$ ) is at least $2p+1$ (resp. at most $2p$). Let $(i_{\eta}’<)i_{q}\leq k_{r}’$ .
Then $(j_{\eta}’=)j_{q}<k_{r}’$ . In addition, if $k_{\mu}’<k_{r}’$ , then $k_{\mu}’\leq i_{\eta}’$. since
$k_{\mu}’\leq a_{1}’<j_{\eta}’$ . Hence
the total number of variables $t_{\xi}$ with $k_{r}’\neq\xi\geq i_{q}$ appearing in $u’$ is at most $p$ . Since
either $i_{q}\leq a_{\eta}\neq k_{r}’$ or $i_{q}\leq b_{\eta}\neq k_{r}’$ for each $\eta$ , the total number of variables $t_{\xi}$ with
$k_{r}’\neq\xi\geq i_{q}$ appearing in $u$ is at least $p+1$ . This complete the proof of $i_{q}=i_{q}’$ . Hence
$j_{q}=j_{q}’$ by the same reason as in the case of $\mathrm{B}\mathrm{C}_{n}$ . Let $\alpha=\alpha’=0$ and $q=q’=0$ .
If $k_{1}\leq a_{1}$ and $k_{1}’\leq a_{1}’$ , then $k_{1}=k_{1}’$ . If $a_{1}<k_{1}$ , then by (B-4) the total number of
the variable $t_{k_{1}}$ appearing in $u$ is $r+p$. Hence $k_{1}’=k_{1}$ . Let $\alpha=\alpha’=0,$ $r=r’=0$
and $q=q’=0$ . If $t_{\xi}^{p}$ divides $u$ for no $\xi$ , then $a_{1}\leq\cdots\leq a_{p}<b_{p}\leq\cdots\leq b_{1}$ . If,
for some $\ell,$ $t_{f}^{p}$ divides $u$ , then either $a_{\xi}=\ell<b_{\xi}$ or $a_{\xi}<\ell=b_{\xi}$ for $\mathrm{e}\mathrm{a}\mathrm{c}\acute{\mathrm{h}}\xi$. Hence
$a_{\eta}=a_{\eta}’$ and $b_{\eta}=b_{\eta}’$ for all $\eta$ . The final step of the proof is completely analogous to
that of the proof given for $in_{<_{Tev}}(I_{\mathrm{B}}\mathrm{c}_{n})$ . $\square$
The study of the initial ideal $in_{<_{rev}}(I_{\mathrm{C}_{n}})$ (resp. $in_{<_{r\mathrm{e}v}}(I_{\mathrm{D}_{n}})$ ) of the root system $\mathrm{C}_{n}$
(resp. $\mathrm{D}_{n}$ ) is much easier than that of $\mathrm{B}\mathrm{C}_{n}$ (resp. $\mathrm{B}_{n}$ ); only ignoring the variables
$y_{1},$ $y_{2},$ $\ldots,$ $y_{n}$ in the polynomial ring $A_{\mathrm{B}\mathrm{C}_{n}}$ (resp. $A_{\mathrm{B}_{n}}$ ) and ignoring $t_{1}s,$ $t_{2^{S}},$ $\ldots,$ $t_{n}s$
in the affine semigroup ring $R_{\mathrm{B}\mathrm{C}_{n}}$ (resp. $R_{\mathrm{B}_{n}}$ ).
Theorem 3. The initial ideal $in_{<_{rev}}(I_{\mathrm{C}_{n}})$ of the toric ideal $I_{\mathrm{C}_{n}}$ with respect to the
reverse lexicographic monomial order $<_{rev}$ is generated by the quadratic monomials
$(1’)-(6’)$ listed above.
Theorem 4. The initial ideal $in_{<_{r\mathrm{e}v}}(I_{\mathrm{D}_{n}})$ of the toric ideal $I_{\mathrm{D}_{\mathfrak{n}}}$ with respect to the
reverse lexicographic monomial order $<_{rev}$ is generated by the quadratic monomials
$(1$ ” $)-(6$” $)$ listed above.
We conclude the present paper with a remark that the role of the origin of $\mathbb{R}^{n}$ ,
i.e., the variable $x$ of the polynomial ring is essential in our discussions. In fact, the
toric ideal of the affine semigroup ring associated with the set of positive roots of
each of the root systems $\mathrm{A}_{n-1},$ $\mathrm{B}_{n},$ $\mathrm{C}_{n},$ $\mathrm{D}_{n}$ and $\mathrm{B}\mathrm{C}_{n}$ with $n\geq 6$ is not generated
by quadratic binomials.
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